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The simple harmonic oscillator plays a prominent role in most undergraduate quantum mechanics
courses. The study of this system using path integrals can serve to introduce a formulation of
quantum mechanics which is usually considered beyond the scope of most undergraduate courses.
However, given the current interest in the interpretation and foundations of quantum mechanics,
nonstandard approaches such as Feynman'’s path integral formalism can be helpful in developing
insights into the structure of quantum mechanics. In this paper we evaluate the path integration
appearing in Feynman’s treatment in a natural and direct manner utilizing a symbolic computational
program. This approach makes the use of the path integral formulation of quantum mechanics
accessible to most undergraduate physics majors. As a by-product of our approach, we find a
representation of the reciprocal of the sinc function, skje{sin(x)/(x), in terms of an infinite
product of partial approximates of a continued fraction. We have not found this representation in the
literature. © 1997 American Association of Physics Teachers.

[. INTRODUCTION K(b,a), the amplitudes corresponding to all paths are added.
. . 3. _ The phase factors corresponding to individual paths can all
Given the interedt® in the conceptual foundations of be written in the fornf, eMSX®]  \where [x(t)]

guantum mechanics, it is important to introduce undergradu-_
ate physics majors to nonstandard developments of quantum
mechanics. One very interestin%approach is the use of patem. Thus the propagator is giveny
integrals by Feynman and Hibbén their book Quantum
Mechanics and Path Integral§his approach speaks to the _ -
superposition of alternative processes in a way different from  K(b,a)= J elMSXWID[x(t)], (1)
the more standard appro&almsing states in a Hilbert space.
Whi!e remarkgble progress in the Qevelopment of path inte\'/vhere the symbofb[x(t)] is used to represent the integra-
gration techniques has been realized lafelyych general tion over all paths connecting the initial and final points.
methods are_beyond the scope of most l_mdergraduate quan-n - approad to carrying out the path integration for a
fum ”.‘eCha’.“CS courses. Even .SUCh a simple system as tIEﬁﬁe-dimensional system, such as the SHO, is to first partition
one-dimensional simple harmo_mc oscillat®HO) is form|- the time interval intd\ pieces each of “width”¢, such that
dable. In fact, Feynman and Hibbshose to solve this prob- t,—t,=Ne. Definind" x, as the positions of the particle at
lem with a less than straight-forward approach using Fou“e{imes t.+le, 1=0,1,2...N, one possible path between
transforms. Marshall and Pélieport a general solution for Xo=X gndx;\,=xb can be formed by joining a given set of

1 a

guadratic Hamiltonians such as for the SHO; however, the|§(|,s by line segments. All such paths can be generated by

solution seems too complicated to be accessible to most ur\‘/hrying eachx, for 1=1,2,...N—1 over the real numbers.
dergraduate sf[udents. We h_ave caI(.:uI.at.ed the propagator f?hus the propagator generated by all paths joining initial and
the SHO by directly evaluating the infinitely recursive inte- final states is

grations appearing in the integration over all paths. The mo-

tivation for re-examining this problem is to provide an alter-

native development that we believe is accessible t0 | ( a)= |im Jx fw Jx elMSXWIgy dx, ...

¢ . S _
tZL(x,x,t)dt andL(x,x,t) is the Lagrangian for the sys-

undergraduate physics majors. Our treatment utilizes a €0

computer-based symbolic manipulator to evaluate a recur- N—o0

sive relationship and a limit required in our approach to com- m \N2

puting the path integrations. It is the use of the symbolic XdXNl(m) , (2

computational program which places our treatment of the
SHO well within the abilities of most undergraduate physics
majors. where

lim NEETEtb_ta.
IIl. THE PROPAGATOR FOR THE SHO €0

N— oo
The quantum mechanical propagatét(b,a), describes

the probability amplitude for the transition of a system fromThe endpointsx,=X, and xy=X,, are fixed, while the in-

point X, in configuration space at tintg to pointx, at time  termediate y\Positionsq assume all real values. The factor

t,. The action S[x(t)] of a particular path connecting (m/2mwi%ie)N? in Eq.(2) properly normalizesthe propaga-

Xa=X(t,) andx,=x(t,) determines the phase of the ampli- tor so that lim_,K(x(t+ €),x(t)) = 8(x), where&x) is the

tude associated with thafparticulay path. To compute Dirac delta function.
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[ll. THE ONE-DIMENSIONAL OSCILLATOR tion. Thus the innermost integral in E(B) is

Consider a particle of mass in a one-dimensional har-

monic oscillator potentiall = imw?x%. The action can be j
expressetf as the limit of a Riemann sum in terms of the
integration variables; ,X5,... Xny_1

B R S e NV ©)

— o0

This integral is readily solved by completing the square in

t N T (wi—x 2 the exponent and by choosing a suitable substitution of vari-
S[X(t)]zf L[x(t)]dt= >, [5 m(ﬁ) e—Ule|. ables yielding

ta =1 € -(12)

©) Cl( : ) elim2ial(y2 +yo)~(1mMy2+¥0?  (10)

Note that the kinetic energy df+le has been written in 2mihe
terms of the change in the position over the time interyal — A
i.e., in terms of the mean velocity. The potential enetfly whereC, = y1/y and where
must correspond to the position of the particle within that (wT)?
same time interval, i.e., betweaqn ; andx,. The exact po- y=2— N2 (11

sition is a matter of choice since eventually we will kego

Feynman and Hibb%,we choose to writel, in a natural

way, U;=U(x)) = 20?x?, and compute the integration di-

rectly. At this point we could insert E¢3) into Eq.(2) and

start the integration process. However, we make use of

very helpful transformatichof variables:
y(t)=x(t)—x(1), 4

can now be written as

wherex(t) represents the path taken by the classical particl&his integration yields

andy(t) represents the deviation of the paift) from x(t).
For the SHO the classical path can be expressed as

Xp SIM@(t—ty)]+ X, SiMo(ty—1)]
sifw(ty—ty)] '

x(t)= (5)

which clarifies thaty(t,)=y(ty) =0, i.e., X(t) must pass

throughx, att, andx, att,. As Feynman and Hibﬁsﬂem—
onstrate for the case of any Hamiltonian quadratig andx

this transformation allows separation of the propagator into

two factors:
0

K(b,a) =@M f I y(1)). (®)

0

The limits of integration should not be taken literally; they

are supposed to remind the reader that for all patfw, is
zero at the endpoints. The classical acti8y can be
expressetias

Sy +x3)cogd wT) — 2XXp]. 7)

__w 2
= ZsineT) L%

It is the second factor, the path integral in E6), that pre-
sents computational difficulties.

IV. COMPUTATION OF [3e(WS®IB[y(1)]

The path integral in Eq(6) can now be writtehin terms
of the coordinatey(t) as

m N2 o ) %
llTO(ZWihe) f_w”'f_mf_w

N—c
X e(im/Zﬁf)EiNzl[(yi_yifl)z_“’zezyiz]dyl dys,....dyn-1,

)

wherey,=Yy(t,) =0 and yy=Y(t,)=0. The innermost inte-

gration in Eq.(8), i.e., over the variablg,, involves only

those terms in the sum which contajn; all others are
treated as constants and can be factored out of the integra-
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12) (o
| [ J Qimi2h e)lyg-yz) >~ w?e?y,?]
L 2’7T|ﬁ6 —o0
X gim2tel(y2?+y0) = (12 +y0) Iy, (12)
—(1/2) m —(1/2)
2\ 2mihe Nomite
X Im2e)l(ya® + (1= 1myo?) ~ (Uy=1m)ya+(1mye)®l - (13)

whereC, = 1/(y— 1/y). This procedure is repeated for ev-
eryy, up toyy_ ;. After a few integrations a pattern emerges.
The pth constantC,, can be written as

(14)

where the symbq) indicates that the pattern continues to the
pth denominator. The radicand is recognized aspthepar-
tial approximate of the continued fraction,

(15

e

where the fraction extends to an infinite number of denomi-

nators. After theN—1 integrations, the result multiplied by

the normalization factor,n/27i% )N, in Eq. (2) is

o e . m | -(N-12
N—1%N-2 1 2mite

X eim/2he

m N/2
X(zmm) !

N-1 2
(yn2+ FN—1Y02)C;2\|_1( YNT H Cﬁyo) }
k=1

(16)
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where Fy_; is a finite function of a finite number of the m ¥ N-1 12
partial approximates of the continued fracti®d . Both Yo K(b,a)z( ; ) eiMSd lim I N H Cf) . (17
andY, are zero, so that 2mihT Now| P=1

N—1
elems (YN2+FN1YO2)—Cﬁ1<YN+H CiYo)
Kt where we have useg=T/N to replace the appearing in the
reduces to unity prior to taking the limit in E¢B8). Substi- two radicals appearing in Eq16). Writing the partial ap-

tution of the limit of Eq.(16) into Eq. (6), yields for the proximate£p2 in terms ofy makes clear the continued frac-

propagator, tion structure of the SHO propagator,
|
1/2 1/2
_ 1 1 1 1
_ (i/7)Sg |3 -
K(b,a) (ZWihT) e |\|1|an Ny 1 1 1 . (19

Y y?’ 1 Y 1

|
YT

‘N—-1

Evaluation of the limit in Eq(18) is not trivial becauseyis  positive. Again usinguapLE,'° the limit of By/N has the

a function of N [see Eq.(11)]. In the following section of intriguingly simple form of the sinc function,

this paper we show that this limit iso(T)/(sin(wT)). By sinwT)
N p—

lim N wT

=sinq wT). (22
N—oo

V. THE LIMIT OF THE PRODUCT OF PARTIAL o )
APPROXIMATES We note that the infinite product in our development plays a

role similar to that of the functiof® in Eq. (52) of the paper
We can convert theth partial approximate of any contin- by Marshall and Pelf. The partial approximate€3 play a
ued fraction to a rational function of the fori,/B,, the role analogous to that of the determinabt$ of the matrices
numerator and denominator of which are given by wellGy appearing in Eq.3.10 in the work by Junker and
known recursion relatiors For the continued fractio€2,  Leschke!! In fact, Junker and Leschkeshow that theD

the recursive relations yield, satisfy the same recursion relationship as satisfied bythe
and that theD; are related to the sine, cosh, and sinh func-
2:ﬁ: M (19) tions in ways similar to, but different from, our E(2).
P By ¥Bp-1—Bp s Using the limit from Eq.(22) in Eq. (20), we arrive at the

The starting conditions for the recursions ate ;=—1, final form for the propagator for the SHO,

Ao=0 andB_;=0, By=1. Examination of Eq(19) with the Mo 172

starting conditions reveals thBt, is equal toA ; for all p. K(b,a)= m)

Thus in the calculation of the finite product of partial ap-

proximates ofC2 from p=1 to p=N, each successive nu- 5 @IMe/ (2 Sin(@T)[ (X +xP)cos & T) = 2xaxp] 23

meratorA,, is canceled by the previous denominaRy._,, _ ) )

so that the finite product is simplx,/By=1/By. Now Eq.  This expression agrees with the result of Feynman and

(17) or (18) can be rewritten as Hibbs® and other§*~1* obtained by different methods.
Given the propagator, reclaiming wave functions and energy

(20) spectrum for the SHO can be accomplished without recourse
to the Schrdinger equatiod?!® Of course, developing the

) ) 10 Schralinger equation from the propagator is a worthwhile
We used the symbolic manipulataPLE™ to solve the  exercise

recursion  relation  satisfied by theB,, ie,
B,=yB,-1— B, yielding,

1/2
K(b,a)=

1/2
) elMSa |im
N

N— oo

m
2mihT

P
i 2 ) VI. CONCLUSION
+i 4 — 2
- yHiva—y We believe that the use ofapLE? (or any other symbolic
p .
VA=Y (y+ia—v?) manipulator programhas greatly simplified our develop-
b ment of the SHO propagator and that most undergraduates
il - 2 can follow our approach. We emphasize that the crucial step
— i [a— V2 in our gipproach _is the evaluation qf the limit pf the.product
+2 > . 5 (21)  of partial approximates of the continued fracti6g, viz.,
VA= y (= y+ivd—v9) N T L
The right-hand side of this relationship reduces to the real lim NH CS = _w = — . (24)
numbers forN?>(wT)?, i.e., N sufficiently large thaty is Nw| P=1 sifwT)  sindwT)
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As far as we know, this representation of the reciprocal of°A. Inomata, H. Kuratsuiji, and C. C. Ger_r?,ath_lntegrals and Coherent
the sinc function has not been reported in the literature on States of SU(2) and SU(1,Bvorld Scientific, Singapore, 1992

continued fraction215:16 J. T. Marshall and J. L. Pell, “Path-integral evaluation of the space-time
propagator for quadratic Hamiltonian systems,” J. Math. PR@s1297—
1302(1979.
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